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Perturbation theory and its 
discontents

Perturbation theory in a small parameter remains one of the 
most fruitful approaches in physics, in the absence of exact 

solutions. 
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A simple example is the ground state energy of the quartic 
oscillator in quantum mechanics



However, perturbative series must be handled with care. 
Typically, the coefficients grow factorially 

an ⇠ n!

Therefore, these series have zero radius of convergence and do 
not lead (at least immediately) to functions. 

Physicists and mathematicians have developed various tricks to 
make sense of these divergent series and extract information 

from them. The theory of resurgence emerged in the 
1970s-1980s as a general framework to address these issues. 
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Hidden structures in perturbation 
theory

It turns out that factorially divergent series encode a wealth of 
information about the full theory. In particular, they secretly 
know about non-perturbative sectors. I will call this hidden 

information the resurgent structure of the series.

As I will try to show in this talk, the resurgent structure of 
perturbative series involves in some cases a hidden 

integrality structure which can be physically interpreted 
in terms of counting BPS states in a “dual” theory.



Two very interesting examples of such a situation are complex 
Chern-Simons theory and topological string theory. I will focus 

my talk on the first example. 

This is based on work with Stavros Garoufalidis, Jie Gu 
and Campbell Wheeler
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Decoding perturbation theory
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Let us consider a formal power series with factorially growing 
coefficients

These are sometimes called Gevrey-1 series. The first step in 
resurgence is the Borel transform, a deceptively simple 

way of transforming these series into “nice” functions
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The Borel transform          is analytic at the origin. Very 
often it can be analytically continued to the complex plane, 

displaying a set of singularities (poles, branch cuts)
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Example: 
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To extract the hidden information, we have to consider the 
expansion of the Borel transform around each of its 

singularities. These leads to new formal power series. 

Let us consider for simplicity the so-called simple 
resurgent functions, where singularities are logarithmic 

branch cuts.  The expansion around a singularity at   
has the form        
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The function            is typically analytic at the origin, but we 
can think about it as the Borel transform of a new power 

series associated to the singularity:
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We can repeat the same analysis for the power series found in 
this way, and generate further series.  At the end, we obtain a 
set of formal power series associated to the original 
power series, which we will call sometimes the “minimal 

resurgent structure” for 
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We also have a matrix of Stokes constants defined 
by 
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analytic 
structure

integrality
structure

This is a generalization of a similar relationship between 
Riemann-Hilbert problems and integrality structures developed 

by e.g. [Gaiotto-Moore-Neitzke, Bridgeland]

It turns out that, in some important cases, Stokes constants are 
integers. The appearance of integer Stokes constants means 

that we have a correspondence between



An elementary example: 
the Airy functions
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The formal power series underlying the Airy “Ai” function is

In this case the resurgent structure can be worked out in detail, 
since the Borel transform is given explicitly by
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Borel plane:

<latexit sha1_base64="7fBQX1q/+AEmgGn+CVg9vQGIbs0=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4sSRaUQSh4MZlBfuAppTJdNIOnWTCzESsIb/ixoUibv0Rd/6N0zYLbT0wcDjnXO6d48ecKe0439bS8srq2npho7i5tb2za++VmkokktAGEVzIto8V5SyiDc00p+1YUhz6nLb80c3Ebz1QqZiI7vU4pt0QDyIWMIK1kXp2yXuiGl+fpFXkCRNEZ1nPLjsVZwq0SNyclCFHvWd/eX1BkpBGmnCsVMd1Yt1NsdSMcJoVvUTRGJMRHtCOoREOqeqm09szdGSUPgqENC/SaKr+nkhxqNQ49E0yxHqo5r2J+J/XSXRw2U1ZFCeaRmS2KEg40gJNikB9JinRfGwIJpKZWxEZYomJNnUVTQnu/JcXSfO04p5XnLtquXaV11GAAziEY3DhAmpwC3VoAIFHeIZXeLMy68V6tz5m0SUrn9mHP7A+fwC0o5OM</latexit>
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This a simple resurgent function, with a log singularity along the 
negative real axis:

By studying the expansion around the singularity, one finds the 
other formal power series involved in the game, underlying the 

“Bi” Airy function

<latexit sha1_base64="hsBuv8kLOL2kQdIrgtr87/xU8GE="></latexit>
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The Stokes constants are 
<latexit sha1_base64="fR9Duw+j5pIiIdgKex/qnjAuGH8=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlaSKuikU3bisaB/QhDCZTtqhk0mYmQgl5Bfc+CtuXCji1p07/8ZpmkVtPXDhcM693HuPHzMqlWX9GCura+sbm6Wt8vbO7t6+eXDYkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vpn63UciJI34g5rExA3RkNOAYqS05JlVJ0RqJIP0PvNSu5414LxQt7NG6ogQ0swzK1bNygGXiV2QCijQ8sxvZxDhJCRcYYak7NtWrNwUCUUxI1nZSSSJER6jIelrylFIpJvmH2XwVCsDGERCF1cwV+cnUhRKOQl93Zmfu+hNxf+8fqKCKzelPE4U4Xi2KEgYVBGcxgMHVBCs2EQThAXVt0I8QgJhpUMs6xDsxZeXSadesy9qZ3fnleZ1EUcJHIMTUAU2uARNcAtaoA0weAIv4A28G8/Gq/FhfM5aV4xi5gj8gfH1C2fJnWE=</latexit>

S12 = S21 = i



The Airy series are a particular case of a more general class 
of examples: the formal power series appearing in the study 
of the saddle-point approximation to integrals of the form  

<latexit sha1_base64="Q/ZYapLhzaebxwNldi2XgLy/bII="></latexit>

I(~) =
Z

dx e�S(x)/~

Resurgence and saddle points

Saddle-points satisfy the “equation of motion” 
<latexit sha1_base64="eb5RSlxUzb6hUspaDfedOWv6g64=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLWS9lVUS9C0YvHivYD2qVk02wbms2GJCuWpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMCyRn2rjut7OwuLS8sppby69vbG5tF3Z26zpOFKE1EvNYNQOsKWeC1gwznDalojgKOG0Eg5ux33ikSrNYPJihpH6Ee4KFjGBjpcb9Uenp+MrtFIpu2Z0AzRMvI0XIUO0UvtrdmCQRFYZwrHXLc6XxU6wMI5yO8u1EU4nJAPdoy1KBI6r9dHLuCB1apYvCWNkSBk3U3xMpjrQeRoHtjLDp61lvLP7ntRITXvopEzIxVJDpojDhyMRo/DvqMkWJ4UNLMFHM3opIHytMjE0ob0PwZl+eJ/WTsndePr07K1auszhysA8HUAIPLqACt1CFGhAYwDO8wpsjnRfn3fmYti442cwe/IHz+QOkpI54</latexit>

S0(x) = 0

By doing a Gaussian expansion around these points, we typically 
obtain Gevrey-1 series



<latexit sha1_base64="wJ8YzTNXr/DIwX4kyjqxFx0vFJE="></latexit>
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<latexit sha1_base64="AtJtjzw5Di51mrbGp6Uv55+E150=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AENAo2k</latexit>x1

<latexit sha1_base64="ZXSuBGkmMKn4rpnM6x5dT2R25j4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEOho2l</latexit>x2

It turns out that the singularities of the Borel transform of           
are located at

<latexit sha1_base64="VMDqV8LnO78n+Bt5lNzrw1Ug0/M=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkqioh6LXjxWsB/QhLDZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwpQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh6H7md8ZUKpaIJz1JqR/jgWARI1gbKbBtb4xlOmQBq3nDEMvzwK46dWcOtErcglShQDOwv7x+QrKYCk04VqrnOqn2cyw1I5xOK16maIrJCA9oz1CBY6r8fH75FJ0ZpY+iRJoSGs3V3xM5jpWaxKHpjLEeqmVvJv7n9TId3fo5E2mmqSCLRVHGkU7QLAbUZ5ISzSeGYCKZuRWRIZaYaBNWxYTgLr+8StoXdfe6fvl4VW3cFXGU4QROoQYu3EADHqAJLSAwhmd4hTcrt16sd+tj0Vqyiplj+APr8wcQxpNL</latexit>

'i(~)
<latexit sha1_base64="D/I+5HbbqfHXP9ADH/cpN5QA0/I=">AAACCHicbVDLTgIxFO3gC/GFunRhIzGBRMmMGnVjQnTjEqM8EphMOp0OFDqdoe0YCWHpxl9x40Jj3PoJ7vwbO8BCwZPc3JNz7k17jxsxKpVpfhupufmFxaX0cmZldW19I7u5VZVhLDCp4JCFou4iSRjlpKKoYqQeCYICl5Ga271K/No9EZKG/E71I2IHqMWpTzFSWnKyu7f5B6dTOEwaLRzAZq8XIw92YJOH6oJCJ5szi+YIcJZYE5IDE5Sd7FfTC3EcEK4wQ1I2LDNS9gAJRTEjw0wzliRCuItapKEpRwGR9mB0yBDua8WDfih0cQVH6u+NAQqk7AeungyQastpLxH/8xqx8s/tAeVRrAjH44f8mEEVwiQV6FFBsGJ9TRAWVP8V4jYSCCudXUaHYE2fPEuqR0XrtHh8c5IrXU7iSIMdsAfywAJnoASuQRlUAAaP4Bm8gjfjyXgx3o2P8WjKmOxsgz8wPn8Afl2XwA==</latexit>

S(xj)� S(xi), j 6= i



<latexit sha1_base64="N1ohB+1MxzQgD+cvchHpot5BRN8=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAI8RJ2RdGj6MVjBKNCdll6J51kyOyDmd5IDOLFX/HiQRGvfoU3/8ZJzMFXQUNR1U13V5Qpach1P5zC1PTM7FxxvrSwuLS8Ul5duzBprgU2RKpSfRWBQSUTbJAkhVeZRogjhZdR72TkX/ZRG5km5zTIMIihk8i2FEBWCssb/rVsYReI+33QWVeGXtW/QYKdsFxxa+4Y/C/xJqTCJqiH5Xe/lYo8xoSEAmOanptRMARNUii8Lfm5wQxEDzrYtDSBGE0wHL9wy7et0uLtVNtKiI/V7xNDiI0ZxJHtjIG65rc3Ev/zmjm1D4OhTLKcMBFfi9q54pTyUR68JTUKUgNLQGhpb+WiCxoE2dRKNgTv98t/ycVuzduvuWd7laPjSRxFtsm2WJV57IAdsVNWZw0m2B17YE/s2bl3Hp0X5/WrteBMZtbZDzhvn5BWluI=</latexit>
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<latexit sha1_base64="rnmVuq0DEEzAUWmheQx/udg78uQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHahWWmKIqrghuXFe0D2qFk0kwbmsmMSaZYhn6HGxeKuPVj3Pk3ZtpZaOuByz2ccy+5OV7EmdK2/W2trK6tb2zmtvLbO7t7+4WDw6YKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNFN6rfGVCoWigc9iagb4IFgPiNYG8m9Lz31quWztDnlXqFoV+wZ0DJxMlKEDPVe4avbD0kcUKEJx0p1HDvSboKlZoTTab4bKxphMsID2jFU4IAqN5kdPUWnRukjP5SmhEYz9fdGggOlJoFnJgOsh2rRS8X/vE6s/Ss3YSKKNRVk/pAfc6RDlCaA+kxSovnEEEwkM7ciMsQSE21yypsQnMUvL5NmteJcVOy782LtOosjB8dwAiVw4BJqcAt1aACBR3iGV3izxtaL9W59zEdXrGznCP7A+vwBV+6Qfg==</latexit>

S(x2)� S(x1)
<latexit sha1_base64="CJ83NYlWhBxSgLeaadp7f7bIOZ4=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHahWWmKIqrghuXFe0D2qFk0kwbmsmMSaZYhn6HGxeKuPVj3Pk3ZtpZaOuByz2ccy+5OV7EmdK2/W2trK6tb2zmtvLbO7t7+4WDw6YKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNFN6rfGVCoWigc9iagb4IFgPiNYG8m9Lz31nPJZ2qrlXqFoV+wZ0DJxMlKEDPVe4avbD0kcUKEJx0p1HDvSboKlZoTTab4bKxphMsID2jFU4IAqN5kdPUWnRukjP5SmhEYz9fdGggOlJoFnJgOsh2rRS8X/vE6s/Ss3YSKKNRVk/pAfc6RDlCaA+kxSovnEEEwkM7ciMsQSE21yypsQnMUvL5NmteJcVOy782LtOosjB8dwAiVw4BJqcAt1aACBR3iGV3izxtaL9W59zEdXrGznCP7A+vwBV+eQfg==</latexit>

S(x1)� S(x2)

The Borel transform of the series at one saddle-point sees 
the contribution of other saddle-points!

This result generalizes to path integrals in quantum mechanics 
and in some quantum field theories



Complex Chern-Simons theory

A rich source of perturbative series (and beautiful mathematics!) is 
(complex) Chern-Simons (CS) theory on a 3-manifold M.  

CS theory is a gauge theory for a G-connection A on a three 
manifold M. Its action has the form:

<latexit sha1_base64="yGCMZ6X9wNaZRG4mnO65xeFdxUI="></latexit>
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The partition function of this theory is formally defined by the 
path integral

<latexit sha1_base64="zyH3ji0n4EXVFIWtnz6mnp/Mqy8="></latexit>

ZM (⌧) =

Z
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The Chern-Simons action is multivalued, and is only defined up 
to an integer multiple of      . This will play a role later.

<latexit sha1_base64="y7GyPa5tDFF4dn4qAVmIyONYtgY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMeiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSSXyPdVPTKFbfqzkFWiZeTCuRo9Mpf3X7CspgrZJIa0/HcFIMJ1SiY5NNSNzM8pWxEB7xjqaIxN8FkfuyUnFmlT6JE21JI5urviQmNjRnHoe2MKQ7NsjcT//M6GUY3wUSoNEOu2GJRlEmCCZl9TvpCc4ZybAllWthbCRtSTRnafEo2BG/55VXSrFW9q+rFw2WlfpvHUYQTOIVz8OAa6nAPDfCBgYBneIU3RzkvzrvzsWgtOPnMMfyB8/kDGaqOOw==</latexit>

2⇡

The solutions of the classical EOM are just flat connections

<latexit sha1_base64="CECq5gX3A2keXSN875/NWJAqIv4=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAYhIoQZFfUSSBTEYwSzQGYIPT2VpEnPQnePEoZcvPgrXjwo4tV/8Obf2FkOGn1Q8Hiviqp6XsyZVJb1ZWTm5hcWl7LLuZXVtfUNc3OrLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHj9y5HfuAMhWRTeqkEMbkC6IeswSpSW2ubuVaFyUEodEWB/WMGHuIKde/C7gCslq23mraI1Bv5L7CnJoymqbfPT8SOaBBAqyomULduKlZsSoRjlMMw5iYSY0D7pQkvTkAQg3XT8xRDva8XHnUjoChUeqz8nUhJIOQg83RkQ1ZOz3kj8z2slqnPupiyMEwUhnSzqJByrCI8iwT4TQBUfaEKoYPpWTHtEEKp0cDkdgj378l9SPyrap8Xjm5N8+WIaRxbtoD1UQDY6Q2V0jaqohih6QE/oBb0aj8az8Wa8T1ozxnRmG/2C8fENN7+V2g==</latexit>

F (A) = dA+A ^A = 0

We will focus on the case in which G= SL(2,C), a complex gauge 
group.  This theory has been much studied in the last years 

[Witten, Kashaev, Garoufalidis, Gukov, Hikami, Dimofte,  Andersen…]

In this case,     is naturally complex <latexit sha1_base64="iOi4if5NkMIV0hgFuxOxEMPZMJw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirnUR5oMqjW37s5BVolXkBoUaA6qX/1hxBLFNTJJre15box+Sg0KJvms0k8sjymb0BHvZVRTxa2fzm+dkbNMGZIwMllpJHP190RKlbVTFWSdiuLYLnu5+J/XSzC88VOh4wS5ZotFYSIJRiR/nAyF4QzlNCOUGZHdStiYGsowi6eSheAtv7xK2hd176p++XBZa9wWcZThBE7hHDy4hgbcQxNawGAMz/AKb45yXpx352PRWnKKmWP4A+fzByQbjlE=</latexit>⌧



When M is the complement of a hyperbolic knot K inside the 
three-sphere, it has been argued that the partition function of the 
theory can be reduced to a finite-dimensional state-integral

ZK(⌧) =

Z
e�W (x;⌧)/⌧dx

<latexit sha1_base64="PK3iRu2I1+ec/xpTxg0PB8/2oOk="></latexit>

The integrand involves in a crucial way Faddeev’s quantum 
dilogarithm



 Saddle-points of the state-integral correspond to flat complex 
connections     on M.  The expansions around these connections 

have the form

hyperbolic 
volume

factorially divergent series!

�

<latexit sha1_base64="yEI9CNkiA+u8nrMwt4FZ6Q4Q2rM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6hk2FLhfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauOrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukdVENatXr+1qlfpPHUYQTOIVzCOAS6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/oD+PLw==</latexit>

Among these connections there is always the “geometric 
connection” g (corresponding to the geodesically complete 

hyperbolic metric on M), and its conjugate c, with

a�n ⇠ n!

<latexit sha1_base64="v2vnyevJZKgZlGKNbBkhTLcNBWo=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbQIrsqMFNRd0Y3LCvYB7VgyaaYNTTJDkhHqUPwVNy4Ucet/uPNvTB8LbT1wuYdz7iU3J0w408bzvp3c0vLK6lp+vbCxubW94+7u1XWcKkJrJOaxaoZYU84krRlmOG0mimIRctoIB9djv/FAlWaxvDPDhAYC9ySLGMHGSh33AHfkfdbWrCfwCNkukDzquEWv5E2AFok/I0WYodpxv9rdmKSCSkM41rrle4kJMqwMI5yOCu1U0wSTAe7RlqUSC6qDbHL9CJ1YpYuiWNmSBk3U3xsZFloPRWgnBTZ9Pe+Nxf+8VmqiiyBjMkkNlWT6UJRyZGI0jgJ1maLE8KElmChmb0WkjxUmxgZWsCH4819eJPWzkl8uXd6Wi5WrWRx5OIRjOAUfzqECN1CFGhB4hGd4hTfnyXlx3p2P6WjOme3swx84nz/roJTk</latexit>

V (g, c) = ±V

<latexit sha1_base64="8SCS7OKnzkPOc3cSdOZl6nRUTHU=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUkLIrBfUgFL14rGC3hXYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz88KEM21c99tZWV1b39jMbeW3d3b39gsHh76OU0VoncQ8Vs0Qa8qZpHXDDKfNRFEsQk4b4eBu6jeGVGkWy0czSmggcE+yiBFsrBT4pd45ObtB7UQgv1MoumV3BrRMvIwUIUOtU/hqd2OSCioN4VjrlucmJhhjZRjhdJJvp5ommAxwj7YslVhQHYxnR0/QqVW6KIqVLWnQTP09McZC65EIbafApq8Xvan4n9dKTXQVjJlMUkMlmS+KUo5MjKYJoC5TlBg+sgQTxeytiPSxwsTYnPI2BG/x5WXiX5S9Svn6oVKs3mZx5OAYTqAEHlxCFe6hBnUg8ATP8ApvztB5cd6dj3nripPNHMEfOJ8/kUuQsQ==</latexit>
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exp

✓
V (�) + iC(�)

2⇡⌧

◆
'�(⌧)

<latexit sha1_base64="ElD+6phXFzZJz/Gihj3iRp6i/+4="></latexit>



These saddle points lead to “classical” singularities 
in the Borel plane.  

V/⇡

<latexit sha1_base64="OHpaw74I1NGfJvKN2GBmAfRnMA0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02k4Mep4MVjBdMW2lA22027dLMJuxOhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6G7mt564NiJRjzhOeRDTgRKRYBSt5DcvuqnolStu1Z2DrBIvJxXI0eiVv7r9hGUxV8gkNabjuSkGE6pRMMmnpW5meErZiA54x1JFY26CyfzYKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMroOJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPmUbAje8surpHlZ9WrVm4dapX6bx1GEEziFc/DgCupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A2aPjmo=</latexit>

�V/⇡

<latexit sha1_base64="mc2k6HmqLwnk9bSfoI5a6Gsd2nw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi3VXCn6cCl48VrDbQruUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6nfuuJKs2keDDjhAYxHggWMYKNlfwz/7ybsF654lbdGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXiX1S9WvX6vlap3+RxFOEIjuEUPLiEOtxBA5pA4BGe4RXeHOm8OO/Ox7y14OQzh/AHzucP0JCOoQ==</latexit>

41

<latexit sha1_base64="RMwZI5Vdb3Hi2gCRa67+GUOytiQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ63v9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wen6Y1o</latexit>

'c(⌧)

<latexit sha1_base64="+kj5VbZFPx1ZAI+stkjdUD31DVI=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvIQZCbicAl48RjALZIahptNJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9ENwRJOYtpSzHFaTcVFKKQ0044vpv7nQkVkiXxo5qm1I9gGLMBI6CMFNhlbwIiHbGAVD0F+iKwK07NWQCvEzcnFZSjGdhfXj8hOqKxIhyk7LlOqvwMhGKE01nJ05KmQMYwpD1DY4io9LPF4TN8bpQ+HiTCVKzwQv09kUEk5TQKTWcEaiRXvbn4n9fTanDtZyxOtaIxWS4aaI5Vgucp4D4TlCg+NQSIYOZWTEYggCiTVcmE4K6+vE7alzW3Xrt5qFcat3kcRXSKzlAVuegKNdA9aqIWIkijZ/SK3qwn68V6tz6WrQUrnzlBf2B9/gBd05Lk</latexit>

'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

'g

⇣ ⌧

2⇡i

⌘
=

1

31/4

⇣
1 +

11⌧

72
p
�3

+
697⌧2

2 (72
p
�3)2

+
724351⌧3

30 (72
p
�3)3

+ · · ·
⌘

<latexit sha1_base64="ln22B9OdU2Aeo90FY04AX/YzDvg="></latexit>

'c(⌧) = 'g(�⌧)

<latexit sha1_base64="G23s4n3jnBRwABU5DOS563gcpOo=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR6sKSSEFdCEU3LivYCzQhTKaTduhkEmYmhRK6duOruHGhiFufwJ1v4zSNoK0/DPx85xzOnN+PGZXKsr6MwtLyyupacb20sbm1vWPu7rVklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Q9vpvX2iAhJI36vxjFxQ9TnNKAYKY0889AZIREPqIcrjkLJyRX8Af3KaUY8s2xVrUxw0di5KYNcDc/8dHoRTkLCFWZIyq5txcpNkVAUMzIpOYkkMcJD1CddbTkKiXTT7JQJPNakB4NI6McVzOjviRSFUo5DX3eGSA3kfG0K/6t1ExVcuCnlcaIIx7NFQcKgiuA0F9ijgmDFxtogLKj+K8QDJBBWOr2SDsGeP3nRtM6qdq16eVcr16/zOIrgAByBCrDBOaiDW9AATYDBA3gCL+DVeDSejTfjfdZaMPKZffBHxsc39AmZzQ==</latexit>

=all-orders 
Kashaev invariant



As we explained before, to each of these singularities we can 
associate a formal power series and a Stokes constant.  In this case, 

each power series sees the other one,  as in the Airy function 
example

V/⇡

<latexit sha1_base64="OHpaw74I1NGfJvKN2GBmAfRnMA0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02k4Mep4MVjBdMW2lA22027dLMJuxOhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6G7mt564NiJRjzhOeRDTgRKRYBSt5DcvuqnolStu1Z2DrBIvJxXI0eiVv7r9hGUxV8gkNabjuSkGE6pRMMmnpW5meErZiA54x1JFY26CyfzYKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMroOJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPmUbAje8surpHlZ9WrVm4dapX6bx1GEEziFc/DgCupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A2aPjmo=</latexit>

�V/⇡

<latexit sha1_base64="mc2k6HmqLwnk9bSfoI5a6Gsd2nw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi3VXCn6cCl48VrDbQruUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6nfuuJKs2keDDjhAYxHggWMYKNlfwz/7ybsF654lbdGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXiX1S9WvX6vlap3+RxFOEIjuEUPLiEOtxBA5pA4BGe4RXeHOm8OO/Ox7y14OQzh/AHzucP0JCOoQ==</latexit>

'c(⌧)

<latexit sha1_base64="+kj5VbZFPx1ZAI+stkjdUD31DVI=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvIQZCbicAl48RjALZIahptNJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9ENwRJOYtpSzHFaTcVFKKQ0044vpv7nQkVkiXxo5qm1I9gGLMBI6CMFNhlbwIiHbGAVD0F+iKwK07NWQCvEzcnFZSjGdhfXj8hOqKxIhyk7LlOqvwMhGKE01nJ05KmQMYwpD1DY4io9LPF4TN8bpQ+HiTCVKzwQv09kUEk5TQKTWcEaiRXvbn4n9fTanDtZyxOtaIxWS4aaI5Vgucp4D4TlCg+NQSIYOZWTEYggCiTVcmE4K6+vE7alzW3Xrt5qFcat3kcRXSKzlAVuegKNdA9aqIWIkijZ/SK3qwn68V6tz6WrQUrnzlBf2B9/gBd05Lk</latexit>

'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

'c(⌧)

<latexit sha1_base64="+kj5VbZFPx1ZAI+stkjdUD31DVI=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvIQZCbicAl48RjALZIahptNJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9ENwRJOYtpSzHFaTcVFKKQ0044vpv7nQkVkiXxo5qm1I9gGLMBI6CMFNhlbwIiHbGAVD0F+iKwK07NWQCvEzcnFZSjGdhfXj8hOqKxIhyk7LlOqvwMhGKE01nJ05KmQMYwpD1DY4io9LPF4TN8bpQ+HiTCVKzwQv09kUEk5TQKTWcEaiRXvbn4n9fTanDtZyxOtaIxWS4aaI5Vgucp4D4TlCg+NQSIYOZWTEYggCiTVcmE4K6+vE7alzW3Xrt5qFcat3kcRXSKzlAVuegKNdA9aqIWIkijZ/SK3qwn68V6tz6WrQUrnzlBf2B9/gBd05Lk</latexit>

'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

<latexit sha1_base64="lgxeCJHi0zdRUpXPb5HOi/AhxmE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpJoUTeFohuXFe0D2hAm00k7dDIJMxOhhOzd+CtuXCji1h9w5984TbOorQcuHM65l3vv8SJGpbKsH6Owsrq2vlHcLG1t7+zumfsHbRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl445up33kkQtKQP6hJRJwADTn1KUZKS65Z7gdIjaSf3KduMsRp/XRewMO0fu6aFatqZYDLxM5JBeRouuZ3fxDiOCBcYYak7NlWpJwECUUxI2mpH0sSITxGQ9LTlKOASCfJfknhsVYG0A+FLq5gps5PJCiQchJ4ujM7dNGbiv95vVj5V05CeRQrwvFskR8zqEI4DQYOqCBYsYkmCAuqb4V4hATCSsdX0iHYiy8vk/ZZ1b6o1u5qlcZ1HkcRHIEyOAE2uAQNcAuaoAUweAIv4A28G8/Gq/FhfM5aC0Y+cwj+wPj6BbQ+m3g=</latexit>

Sgc = �Scg = 3



These “classical” singularities and their Stokes constants 
were analyzed in e.g.  [Gukov-M.M.-Putrov, Gang-Hatsuda, Garoufalidis-

Zagier]

However, due to multivaluedness of the CS action and of the 
state integral potential, there are infinite towers of 

additional singularities [Garoufalidis, Witten, Gukov-M.M.-Putrov,…], 
corresponding to the “actions”

V (�) + iC(�)
2⇡

+ 2⇡in

<latexit sha1_base64="aFVxkztzN1zYMEzeHHl5tBA8c9Y="></latexit>

n 2 Z

<latexit sha1_base64="QwwQMbC48IxAKG/HZfAoJM9WV3k=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQd0V3bisYB/YDiWTZtrQTDIkmUIZ+iduXCji1j9x59+YaWehrQcuHM65l5ycMOFMG8/7dkpr6xubW+Xtys7u3v6Be3jU0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g7Hd7nfnlClmRSPZprQIMZDwSJGsLFS33UF6jE7MTajMMyeZn236tW8OdAq8QtShQKNvvvVG0iSxlQYwrHWXd9LTJBhZRjhdFbppZommIzxkHYtFTimOsjmyWfozCoDFEllRxg0V39fZDjWehqHdjNPqJe9XPzP66Ymug4yJpLUUEEWD0UpR0aivAY0YIoSw6eWYKKYzYrICCtMjC2rYkvwl7+8SloXNf+ydvNwWa3fFnWU4QRO4Rx8uII63EMDmkBgAs/wCm9O5rw4787HYrXkFDfH8AfO5w8UMJNU</latexit>



V/⇡

<latexit sha1_base64="OHpaw74I1NGfJvKN2GBmAfRnMA0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02k4Mep4MVjBdMW2lA22027dLMJuxOhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6G7mt564NiJRjzhOeRDTgRKRYBSt5DcvuqnolStu1Z2DrBIvJxXI0eiVv7r9hGUxV8gkNabjuSkGE6pRMMmnpW5meErZiA54x1JFY26CyfzYKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMroOJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPmUbAje8surpHlZ9WrVm4dapX6bx1GEEziFc/DgCupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A2aPjmo=</latexit>

�V/⇡

<latexit sha1_base64="mc2k6HmqLwnk9bSfoI5a6Gsd2nw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi3VXCn6cCl48VrDbQruUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6nfuuJKs2keDDjhAYxHggWMYKNlfwz/7ybsF654lbdGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXiX1S9WvX6vlap3+RxFOEIjuEUPLiEOtxBA5pA4BGe4RXeHOm8OO/Ox7y14OQzh/AHzucP0JCOoQ==</latexit>

41

<latexit sha1_base64="RMwZI5Vdb3Hi2gCRa67+GUOytiQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ63v9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wen6Y1o</latexit>

The actual picture is rather 

'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

'c(⌧)

<latexit sha1_base64="+kj5VbZFPx1ZAI+stkjdUD31DVI=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvIQZCbicAl48RjALZIahptNJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9ENwRJOYtpSzHFaTcVFKKQ0044vpv7nQkVkiXxo5qm1I9gGLMBI6CMFNhlbwIiHbGAVD0F+iKwK07NWQCvEzcnFZSjGdhfXj8hOqKxIhyk7LlOqvwMhGKE01nJ05KmQMYwpD1DY4io9LPF4TN8bpQ+HiTCVKzwQv09kUEk5TQKTWcEaiRXvbn4n9fTanDtZyxOtaIxWS4aaI5Vgucp4D4TlCg+NQSIYOZWTEYggCiTVcmE4K6+vE7alzW3Xrt5qFcat3kcRXSKzlAVuegKNdA9aqIWIkijZ/SK3qwn68V6tz6WrQUrnzlBf2B9/gBd05Lk</latexit>

<latexit sha1_base64="wIhpKjjhvDoPaJZZxF0oSTRbRUM=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gu5Rsmm1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+G7udyZUaRbLRzNNaCDwULKIEWysFNSQnzCU+UogNuuXK27VXQCtEy8nFcjR7Je//EFMUkGlIRxr3fPcxAQZVoYRTmclP9U0wWSMh7RnqcSC6iBbHD1DF1YZoChWtqRBC/X3RIaF1lMR2k6BzUivenPxP6+XmugmyJhMUkMlWS6KUo5MjOYJoAFTlBg+tQQTxeytiIywwsTYnEo2BG/15XXSrlW9q2r9oV5p3OZxFOEMzuESPLiGBtxDE1pA4Ame4RXenInz4rw7H8vWgpPPnMIfOJ8/rM2RaA==</latexit>

2⇡i
<latexit sha1_base64="wIhpKjjhvDoPaJZZxF0oSTRbRUM=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gu5Rsmm1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+G7udyZUaRbLRzNNaCDwULKIEWysFNSQnzCU+UogNuuXK27VXQCtEy8nFcjR7Je//EFMUkGlIRxr3fPcxAQZVoYRTmclP9U0wWSMh7RnqcSC6iBbHD1DF1YZoChWtqRBC/X3RIaF1lMR2k6BzUivenPxP6+XmugmyJhMUkMlWS6KUo5MjOYJoAFTlBg+tQQTxeytiIywwsTYnEo2BG/15XXSrlW9q2r9oV5p3OZxFOEMzuESPLiGBtxDE1pA4Ame4RXenInz4rw7H8vWgpPPnMIfOJ8/rM2RaA==</latexit>

2⇡i



Similar infinite towers of singularities appear in other contexts, 
like topological string theory [Pasquetti-Schiappa, Couso-M.M.-Schiappa]

We call these infinite towers “peacock patterns.”



However, the Stokes constants turn out to be different! We will 
label them as 

One could think that these towers are “trivial”, and indeed the 
power series associated to the singularities are always  

<latexit sha1_base64="X6v+6OJnWHh7k0jV4XItezpCa4s=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJUkJJIUZdFNy4r2Ac0IUymk3bo5MHMpBBC/RU3LhRx64e482+ctllo64ELh3Pu5d57/IQzqSzr21hb39jc2i7tlHf39g8OzaPjjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe3647uZ351QIVkcPaosoW6IhxELGMFKS55ZcSZYJCPm5eRiOK05Cqfnnlm16tYcaJXYBalCgZZnfjmDmKQhjRThWMq+bSXKzbFQjHA6LTuppAkmYzykfU0jHFLp5vPjp+hMKwMUxEJXpNBc/T2R41DKLPR1Z4jVSC57M/E/r5+q4MbNWZSkikZksShIOVIxmiWBBkxQonimCSaC6VsRGWGBidJ5lXUI9vLLq6RzWbev6o2HRrV5W8RRghM4hRrYcA1NuIcWtIFABs/wCm/Gk/FivBsfi9Y1o5ipwB8Ynz9k1JSc</latexit>

'c,g(⌧)

'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

<latexit sha1_base64="x5wRswj4LeXadLwOsIRx6damYUw=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbRhZREigpuim5cVrQPaEKYTCft0MkkzEyEErJ046+4caGIWz/BnX/jNM1CWw8MczjnXu69x48Zlcqyvo3SwuLS8kp5tbK2vrG5ZW7vtGWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjj64nfueBCEkjfq/GMXFDNOA0oBgpLXnmvhMiNZRBepd5qSPpIEQncPofXUKeeWbVqlk54DyxC1IFBZqe+eX0I5yEhCvMkJQ924qVmyKhKGYkqziJJDHCIzQgPU05Col00/yQDB5qpQ+DSOjHFczV3x0pCqUch76uzNee9Sbif14vUcGFm1IeJ4pwPB0UJAyqCE5SgX0qCFZsrAnCgupdIR4igbDS2VV0CPbsyfOkfVqzz2r123q1cVXEUQZ74AAcAxucgwa4AU3QAhg8gmfwCt6MJ+PFeDc+pqUlo+jZBX9gfP4ATMGZgQ==</latexit>

S�,�0;n

<latexit sha1_base64="rANcIeiQg3J5HZSpY98KqtPAEcY=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgQkoiRQU3RTcuK9oHtCFMppN06OTBzESoIfgrblwo4tb/cOffOE270NYDA4dz7uWeOV7CmVSW9W0sLC4tr6yW1srrG5tb2+bObkvGqSC0SWIei46HJeUsok3FFKedRFAcepy2veH12G8/UCFZHN2rUUKdEAcR8xnBSkuuud8LsRpIP7vL3Sw4QcElsnPXrFhVqwCaJ/aUVGCKhmt+9foxSUMaKcKxlF3bSpSTYaEY4TQv91JJE0yGOKBdTSMcUulkRfocHWmlj/xY6BcpVKi/NzIcSjkKPT1ZZJ31xuJ/XjdV/oWTsShJFY3I5JCfcqRiNK4C9ZmgRPGRJpgIprMiMsACE6ULK+sS7Nkvz5PWadU+q9Zua5X61bSOEhzAIRyDDedQhxtoQBMIPMIzvMKb8WS8GO/Gx2R0wZju7MEfGJ8/jCOUow==</latexit>

Sg,g;1

<latexit sha1_base64="12JUfzPDYlubOhElIUTk8PhQwfw=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEF1KSUlRwU3TjsqJ9QBvCZDpph04ezEyEGoK/4saFIm79D3f+jdO0C209MHA4517umePFnEllWd9GYWl5ZXWtuF7a2Nza3jF391oySgShTRLxSHQ8LClnIW0qpjjtxILiwOO07Y2uJ377gQrJovBejWPqBHgQMp8RrLTkmge9AKuh9NO7zE0Hp4hcomrmmmWrYuVAi8SekTLM0HDNr14/IklAQ0U4lrJrW7FyUiwUI5xmpV4iaYzJCA9oV9MQB1Q6aZ4+Q8da6SM/EvqFCuXq740UB1KOA09P5lnnvYn4n9dNlH/hpCyME0VDMj3kJxypCE2qQH0mKFF8rAkmgumsiAyxwETpwkq6BHv+y4ukVa3YZ5Xaba1cv5rVUYRDOIITsOEc6nADDWgCgUd4hld4M56MF+Pd+JiOFozZzj78gfH5A4eIlKA=</latexit>

Sg,c;2



41

<latexit sha1_base64="RMwZI5Vdb3Hi2gCRa67+GUOytiQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ63v9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wen6Y1o</latexit>

Explicit computations show that these Stokes constants provide 
a highly non-trivial collection of integer invariants 

of the knot!

�8

<latexit sha1_base64="tWFuUs3D8fTfMvNPix83zkf/1lc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAaOngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMaz6E6GSFLlii0VhKgnGZPY26QvNGcqxJZRpYW8lbEg1ZWjDKdgQvOWXV0nzsuxVytf3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A7/aM9w==</latexit>

�9

<latexit sha1_base64="ceujFgPB8l5mqb9djF6ZJ82LfE8=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAY2ngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5LmZdmrlKv3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A8XqM+A==</latexit>

18

<latexit sha1_base64="8OTESINAIJygDD9SR4RZ2z7yU+M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsHoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBq/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xrPmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9S6r1/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD2Coz7</latexit>

46

<latexit sha1_base64="xuK6DK3Ke4FnxcEnZB8DKq269yk=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0Jvk4BLx6jmAckS5idzCZDZmeXmV4hLPkDLx4U8eofefNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHqoXvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2aXTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2hC8xZeXSfO84lUr1/fVcu0mj6MAx3ACZ+DBJdTgDurQAAYhPMMrvDkj58V5dz7mrStOPnMEf+B8/gD3kYz8</latexit>

90

<latexit sha1_base64="PcORuJGTuf/WX9LEw2hv6+PmFTI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0HoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqi5/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeui6l1Wa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD2Eoz7</latexit>

9

<latexit sha1_base64="PaiibQmM9w5TUOcK5uBi3VkgTvo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQOMp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9irlaqNSqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4g1jME=</latexit>

3

<latexit sha1_base64="BQTldH/B0HZ8Vir8NlQFEXUrSNA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqwMcp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKN/VKqXqbxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH38djLs=</latexit>

�39

<latexit sha1_base64="X1Ub0BB+twhkPVX010BEzyAEHhQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHY1oPEU8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5aEYJ+hHtSx5yRo2VHs4vK91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asJrf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukcVHyyqXKfblYvcniyMExnMAZeHAFVbiDGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8fZBuNNQ==</latexit>

�69

<latexit sha1_base64="up01wK4OP0613chAz30L01rWaEg=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqPEU8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5aEYJ+hHtSx5yRo2VHs4vK91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asJrf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukcVHyyqXKfblYvcniyMExnMAZeHAFVbiDGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8faKqNOA==</latexit>

�96

<latexit sha1_base64="3BLH75wfFaxQulfFFPvxjpaUH3U=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqPEU8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5aEYJ+hHtSx5yRo2VHs4rl91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asJrf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukcVHyyqXKfblYvcniyMExnMAZeHAFVbiDGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8faK2NOA==</latexit>

�9

<latexit sha1_base64="ceujFgPB8l5mqb9djF6ZJ82LfE8=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAY2ngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5LmZdmrlKv3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A8XqM+A==</latexit>

96

<latexit sha1_base64="shG74RC33nufeMm/n81fPab9AzU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUOMp4MVjFPOAZAmzk95kyOzsMjMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHqqXvWLJLbtzkFXiZaQEGeq94le3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+aXTsmZVfokjJUtachc/T0xoZHW4yiwnRE1Q73szcT/vE5qwmt/wmWSGpRssShMBTExmb1N+lwhM2JsCWWK21sJG1JFmbHhFGwI3vLLq6R5UfYq5ep9pVS7yeLIwwmcwjl4cAU1uIM6NIBBCM/wCm/OyHlx3p2PRWvOyWaO4Q+czx//Ko0B</latexit>

69

<latexit sha1_base64="VzF/C/CI9Swo4uFHZrnrOp2oMvY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUOMp4MVjFPOAZAmzk95kyOzsMjMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHi6rvWLJLbtzkFXiZaQEGeq94le3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+aXTsmZVfokjJUtachc/T0xoZHW4yiwnRE1Q73szcT/vE5qwmt/wmWSGpRssShMBTExmb1N+lwhM2JsCWWK21sJG1JFmbHhFGwI3vLLq6R5UfYq5ep9pVS7yeLIwwmcwjl4cAU1uIM6NIBBCM/wCm/OyHlx3p2PRWvOyWaO4Q+czx//J40B</latexit>

39

<latexit sha1_base64="WYM1qsn7hEpTJ/Lt4UVo3dMY/08=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQOMp4MVjFPOAZAmzk95kyOzsMjMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5aMYJ+hEdSB5yRo2VHi6rvWLJLbtzkFXiZaQEGeq94le3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+aXTsmZVfokjJUtachc/T0xoZHW4yiwnRE1Q73szcT/vE5qwmt/wmWSGpRssShMBTExmb1N+lwhM2JsCWWK21sJG1JFmbHhFGwI3vLLq6R5UfYq5ep9pVS7yeLIwwmcwjl4cAU1uIM6NIBBCM/wCm/OyHlx3p2PRWvOyWaO4Q+czx/6mIz+</latexit>

�3

<latexit sha1_base64="twYaDXQ8R8jxycSn4kzqsYHj9HQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbCrAR+ngBePUcwDkhBmJ73JkNnZZWZWCEv+wIsHRbz6R978GyfJHjSxoKGo6qa7y48F18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/dDv1m0+oNI/koxnH2A3pQPKAM2qs9HB20SuW3LI7A1kmXkZKkKHWK351+hFLQpSGCap123Nj002pMpwJnBQ6icaYshEdYNtSSUPU3XR26YScWKVPgkjZkobM1N8TKQ21Hoe+7QypGepFbyr+57UTE1x1Uy7jxKBk80VBIoiJyPRt0ucKmRFjSyhT3N5K2JAqyowNp2BD8BZfXiaN87JXKV/fV0rVmyyOPBzBMZyCB5dQhTuoQR0YBPAMr/DmjJwX5935mLfmnGzmEP7A+fwB6GKM8g==</latexit>

�8

<latexit sha1_base64="tWFuUs3D8fTfMvNPix83zkf/1lc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAaOngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMaz6E6GSFLlii0VhKgnGZPY26QvNGcqxJZRpYW8lbEg1ZWjDKdgQvOWXV0nzsuxVytf3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A7/aM9w==</latexit>

8

<latexit sha1_base64="AIDTrPT1lNCeK4ujUuftuZ8ZyaE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKwOgp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCqj/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10roqe5XyTaNSqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4axjMA=</latexit>

�64

<latexit sha1_base64="ZIyupTR39NF9qSazZDflxGIA1z4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArwdcp4MVjRPOAZAmzk0kyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHDRMlmvE6i2SkWwE1XArF6yhQ8lasOQ0DyZvB6HbqN5+4NiJSjziOuR/SgRJ9wSha6eHsotItltyyOwNZJl5GSpCh1i1+dXoRS0KukElqTNtzY/RTqlEwySeFTmJ4TNmIDnjbUkVDbvx0duqEnFilR/qRtqWQzNTfEykNjRmHge0MKQ7NojcV//PaCfav/FSoOEGu2HxRP5EEIzL9m/SE5gzl2BLKtLC3EjakmjK06RRsCN7iy8ukcV72KuXr+0qpepPFkYcjOIZT8OASqnAHNagDgwE8wyu8OdJ5cd6dj3lrzslmDuEPnM8fYRaNMw==</latexit>

�81

<latexit sha1_base64="SKlgCVrZUKxHW1thaorF7GeSsWE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArAaOngBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWerioer1iyS27c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasKqP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvCx7lfL1faVUu8niyMMJnMI5eHAFNbiDOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPX5SNMg==</latexit>

�62

<latexit sha1_base64="YpcP34FpsMnUi+J93jU3MMGQg+4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZD8HUKePEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777aysrq1vbOa28ts7u3v7hYPDholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geDv1m09cGxGrRxwl3I9oX4lQMIpWeji/KHcLRbfkzkCWiZeRImSodQtfnV7M0ogrZJIa0/bcBP0x1SiY5JN8JzU8oWxI+7xtqaIRN/54duqEnFqlR8JY21JIZurviTGNjBlFge2MKA7MojcV//PaKYZX/lioJEWu2HxRmEqCMZn+TXpCc4ZyZAllWthbCRtQTRnadPI2BG/x5WXSKJe8Sun6vlKs3mRx5OAYTuAMPLiEKtxBDerAoA/P8ApvjnRenHfnY9664mQzR/AHzucPXg6NMQ==</latexit>

3

<latexit sha1_base64="BQTldH/B0HZ8Vir8NlQFEXUrSNA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqwMcp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKN/VKqXqbxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH38djLs=</latexit>

�3

<latexit sha1_base64="twYaDXQ8R8jxycSn4kzqsYHj9HQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbCrAR+ngBePUcwDkhBmJ73JkNnZZWZWCEv+wIsHRbz6R978GyfJHjSxoKGo6qa7y48F18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/dDv1m0+oNI/koxnH2A3pQPKAM2qs9HB20SuW3LI7A1kmXkZKkKHWK351+hFLQpSGCap123Nj002pMpwJnBQ6icaYshEdYNtSSUPU3XR26YScWKVPgkjZkobM1N8TKQ21Hoe+7QypGepFbyr+57UTE1x1Uy7jxKBk80VBIoiJyPRt0ucKmRFjSyhT3N5K2JAqyowNp2BD8BZfXiaN87JXKV/fV0rVmyyOPBzBMZyCB5dQhTuoQR0YBPAMr/DmjJwX5935mLfmnGzmEP7A+fwB6GKM8g==</latexit>

'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

'c(⌧)

<latexit sha1_base64="+kj5VbZFPx1ZAI+stkjdUD31DVI=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvIQZCbicAl48RjALZIahptNJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9ENwRJOYtpSzHFaTcVFKKQ0044vpv7nQkVkiXxo5qm1I9gGLMBI6CMFNhlbwIiHbGAVD0F+iKwK07NWQCvEzcnFZSjGdhfXj8hOqKxIhyk7LlOqvwMhGKE01nJ05KmQMYwpD1DY4io9LPF4TN8bpQ+HiTCVKzwQv09kUEk5TQKTWcEaiRXvbn4n9fTanDtZyxOtaIxWS4aaI5Vgucp4D4TlCg+NQSIYOZWTEYggCiTVcmE4K6+vE7alzW3Xrt5qFcat3kcRXSKzlAVuegKNdA9aqIWIkijZ/SK3qwn68V6tz6WrQUrnzlBf2B9/gBd05Lk</latexit>



Can we find a systematic description of these integers?

DGG index!

This index counts BPS states in a 3d SCFT “dual” to the 
hyperbolic knot [Dimofte-Gaiotto-Gukov]

�8

<latexit sha1_base64="tWFuUs3D8fTfMvNPix83zkf/1lc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAaOngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMaz6E6GSFLlii0VhKgnGZPY26QvNGcqxJZRpYW8lbEg1ZWjDKdgQvOWXV0nzsuxVytf3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A7/aM9w==</latexit>

�9

<latexit sha1_base64="ceujFgPB8l5mqb9djF6ZJ82LfE8=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArAY2ngBePUcwDkiXMTmaTIbOzy0yvEEL+wIsHRbz6R978GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00sNFtVcsuWV3DrJKvIyUIEO9V/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzS6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyext0heaM5RjSyjTwt5K2JBqytCGU7AheMsvr5LmZdmrlKv3lVLtJosjDydwCufgwRXU4A7q0AAGITzDK7w5I+fFeXc+Fq05J5s5hj9wPn8A8XqM+A==</latexit>

18

<latexit sha1_base64="8OTESINAIJygDD9SR4RZ2z7yU+M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsHoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBq/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xrPmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9S6r1/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD2Coz7</latexit>

46

<latexit sha1_base64="xuK6DK3Ke4FnxcEnZB8DKq269yk=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0Jvk4BLx6jmAckS5idzCZDZmeXmV4hLPkDLx4U8eofefNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHqoXvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2aXTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2hC8xZeXSfO84lUr1/fVcu0mj6MAx3ACZ+DBJdTgDurQAAYhPMMrvDkj58V5dz7mrStOPnMEf+B8/gD3kYz8</latexit>

90

<latexit sha1_base64="PcORuJGTuf/WX9LEw2hv6+PmFTI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0HoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWeqi5/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeui6l1Wa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD2Eoz7</latexit>

9

<latexit sha1_base64="PaiibQmM9w5TUOcK5uBi3VkgTvo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQOMp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9irlaqNSqt1mceThDM7hEjy4hhrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4g1jME=</latexit>

3

<latexit sha1_base64="BQTldH/B0HZ8Vir8NlQFEXUrSNA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqwMcp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKN/VKqXqbxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH38djLs=</latexit>

�39

<latexit sha1_base64="X1Ub0BB+twhkPVX010BEzyAEHhQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHY1oPEU8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5aEYJ+hHtSx5yRo2VHs4vK91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asJrf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukcVHyyqXKfblYvcniyMExnMAZeHAFVbiDGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8fZBuNNQ==</latexit>

�69

<latexit sha1_base64="up01wK4OP0613chAz30L01rWaEg=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqPEU8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5aEYJ+hHtSx5yRo2VHs4vK91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asJrf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukcVHyyqXKfblYvcniyMExnMAZeHAFVbiDGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8faKqNOA==</latexit>

�96

<latexit sha1_base64="3BLH75wfFaxQulfFFPvxjpaUH3U=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqPEU8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5aEYJ+hHtSx5yRo2VHs4rl91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asJrf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukcVHyyqXKfblYvcniyMExnMAZeHAFVbiDGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8faK2NOA==</latexit>

TrHm=0(�1)F qR/2+j3 = 1� 8q � 9q2 + 18q3 + 46q4 + · · ·

<latexit sha1_base64="efUJqjHp98u7OZZmRsS8Fbz3zJs="></latexit>

'g(⌧)
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In particular, we find completely explicit (conjectural) 
expressions for the “Stokes q-series” which collect all Stokes 

constants

S±
��0(q) =

X

n�1

S�,�0;nq
±n
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This provides in particular a full “decoding” of the state 
integral invariant in terms of (Borel resummed) perturbative 

series, plus non-perturbative effects

These q-series are related to the “holomorphic block 
decomposition” of the state integral [Beem-Dimofte-Pasquetti, 

Garoufalidis-Kashaev, Garoufalidis-Zagier] and to more general versions of 
the DGG index (i.e. with magnetic charges), therefore to a 

counting of BPS states



What about the trivial connection?

One well-known shortcoming of state-integrals is that they 
do not give information about the simplest flat connection, 
namely the trivial one A=0. There is however a well-known 

power series attached to it, which can be obtained from 
SU(2) Chern-Simons theory
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What is the resurgent structure associated to this series?
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Note that the trivial connection “sees” the other ones, but 
not the other way around! [Garoufalidis-Zagier, Witten]

A complete theory must include the additional Stokes 
constants associated to the trivial connection, i.e. the Stokes 

matrix should be enlarged



We have been able to determine (conjecturally) the 
enlarged Stokes matrix for the very first hyperbolic knots:
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S+(q) =

The two new entries in the top row are closely related to 
(and generalize) the Gukov-Manolescu q-series of knots. 



Resurgence can be used to extract precious information from 
perturbative series. In some cases, it leads to non-trivial integer 

invariants.  This is a new route to integrality, different 
from previous ones (like radial asymptotics of q-series). 

Conclusions and open questions

Our results determine (at least conjecturally) the complete 
resurgent structure of complex Chern-Simons theory for 
hyperbolic knots, and indicate a close relationship between 
Stokes constants and BPS counting in the “dual” 3d theory. 

Similar structures appear in topological string theory on CY 
manifolds, and lead to (conjecturally) new integer invariants



Thank you for your attention!



Resurgent structures in topological 
string theory

It turns out that similar structures appear in topological string 
(TS) theory on Calabi-Yau (CY) manifolds. 

What is the right formal power series to start with? The all-
genus expansion of the topological string has the form
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We assume for simplicity that there is a single CY modulus



The genus g free energies encode Gromov-Witten invariants
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so in principle we could use the theory of resurgence to analyze 
singularities, Stokes constants, etc. This is a difficult problem, 

since the coefficients are themselves functions of a parameter t, 
the CY modulus. The study of these type of series is called 

parametric resurgence.
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t = N⌧

It is known that, at fixed t [Shenker], 
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Fg(t) ⇠ (2g)!
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t = N⌧

This is similar to a large N gauge theory, where one has series 
of the form 
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The modulus of the CY can be interpreted as a ’t Hooft 
parameter, as in the Gopakumar-Vafa duality



Therefore, to obtain the analogue of a conventional 
perturbative series in a gauge theory, as we did in Chern-
Simons, we should fix N and take the perturbative limit 

This is the “tensionless” limit of the TS. However, in this limit t 
vanishes,  and this is incompatible with the large radius 

regime!
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We have to consider topological string theory in a different 
regime, near the conifold point. There is a local coordinate      
in the moduli space of the CY which vanishes at that point. 
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The conifold free energies are related to the conventional large 
radius energies by a generalized electric-magnetic duality. This is 

similar to Seiberg-Witten theory

large radius electric frame

conifold magnetic frame
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� = N⌧ <latexit sha1_base64="QBkxJl01Mrr8t/ODaQzVW1DW+bI=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8lLJbRL0IRS+epIL9gHYp2TTbhmaTNZktlKW/w4sHRbz6Y7z5b0zbPWjrg4HHezPMzAtiwQ247rezsrq2vrGZ28pv7+zu7RcODhtGJZqyOlVC6VZADBNcsjpwEKwVa0aiQLBmMLyd+s0R04Yr+QjjmPkR6UseckrASv79tVeqlHCH9hSYbqHolt0Z8DLxMlJEGWrdwlenp2gSMQlUEGPanhuDnxINnAo2yXcSw2JCh6TP2pZKEjHjp7OjJ/jUKj0cKm1LAp6pvydSEhkzjgLbGREYmEVvKv7ntRMIr/yUyzgBJul8UZgIDApPE8A9rhkFMbaEUM3trZgOiCYUbE55G4K3+PIyaVTK3kW58nBerN5kceTQMTpBZ8hDl6iK7lAN1RFFT+gZvaI3Z+S8OO/Ox7x1xclmjtAfOJ8/31OQ4g==</latexit>

N = 1, 2, · · ·

This defines an infinite family of formal power series 
(times an exponential)

ZN (⌧) = Z(� = N⌧, ⌧)

<latexit sha1_base64="SBATp/1ciU/zkRYfQOf2oNxAu9M=">AAACDHicbVBNS8MwGE79nPNr6tFLcAgbyGhloB4GQy+exgT3wdYy0jTdwtK0JKkwyn6AF/+KFw+KePUHePPfmG496OYLCQ/PB8n7uBGjUpnmt7Gyura+sZnbym/v7O7tFw4O2zKMBSYtHLJQdF0kCaOctBRVjHQjQVDgMtJxxzep3nkgQtKQ36tJRJwADTn1KUZKU4NCsTdolGyF4nIN9ko200kP1WADptzZ7C5rl1kxZwOXgZWBIsimOSh82V6I44BwhRmSsm+ZkXISJBTFjEzzdixJhPAYDUlfQ44CIp1ktswUnmrGg34o9OEKztjfiQQFUk4CVzsDpEZyUUvJ/7R+rPxLJ6E8ihXheP6QHzOoQpg2Az0qCFZsogHCguq/QjxCAmGl+8vrEqzFlZdB+7xiVStXd9Vi/TqrIweOwQkoAQtcgDq4BU3QAhg8gmfwCt6MJ+PFeDc+5tYVI8scgT9jfP4APR6ZOw==</latexit>

<latexit sha1_base64="O74H9TONZxDKB3eAsdjqTbrjaQ4=">AAACFHicbVDJSgNBEO2JW4zbqEcvjUGICHEmiHoRol48hQhmgUwcajqdpEnPQndPIAzzEV78FS8eFPHqwZt/Y2c5aPRBweO9KqrqeRFnUlnWl5FZWFxaXsmu5tbWNza3zO2dugxjQWiNhDwUTQ8k5SygNcUUp81IUPA9Thve4HrsN4ZUSBYGd2oU0bYPvYB1GQGlJdc8ukgc4WOa3ieJQ4Djy9StHDsK4hQ7QxBRn7kVXBgLh66Zt4rWBPgvsWckj2aouuan0wlJ7NNAEQ5StmwrUu0EhGKE0zTnxJJGQAbQoy1NA/CpbCeTp1J8oJUO7oZCV6DwRP05kYAv5cj3dKcPqi/nvbH4n9eKVfe8nbAgihUNyHRRN+ZYhXicEO4wQYniI02ACKZvxaQPAojSOeZ0CPb8y39JvVS0T4ul25N8+WoWRxbtoX1UQDY6Q2V0g6qohgh6QE/oBb0aj8az8Wa8T1szxmxmF/2C8fENiDmd3A==</latexit>

= eAN/⌧'N (⌧)

We will think about the conifold coordinate as a ’t Hooft 
parameter

Conjecture: these formal power series lead to resurgent 
structures with integer Stokes constants



Let us consider local  , a favourite example for topological 
string theories

F0

<latexit sha1_base64="5L1x7cWOmZaRgLo/wYI0lkjWDTk=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0VBXFZwT6gM5QkzbShmcyQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05JBFcG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUUdamsYhVj2DNBJesbbgRrJcohiMiWJdMbnO/+8SU5rF8NNOEBREeSR5yio2VfD/CZkxIdjcbuINqza27c6BV4hWkBgVag+qXP4xpGjFpqMBa9z03MUGGleFUsFnFTzVLMJ3gEetbKnHEdJDNM8/QmVWGKIyVfdKgufp7I8OR1tOI2Mk8o172cvE/r5+a8CrIuExSwyRdHApTgUyM8gLQkCtGjZhagqniNiuiY6wwNbamii3BW/7yKulc1L1G/fqhUWveFHWU4QRO4Rw8uIQm3EML2kAhgWd4hTcndV6cd+djMVpyip1j+APn8wfaK5GV</latexit>

A toric example

The calculation of the             is not straightforward, since we 
need all-genus information For this reason, although we expect this 
conjecture to be true in general, we have evidence in the case of 

toric CYS. 

<latexit sha1_base64="S0vQ2OvzY5A22MVaiDANtK36o/E=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKtgPbZeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6nfuuJKs0ieW/GMfUFHkgWMoKNlR4ee7flrsHJaa9YcivuDGiZeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aezgyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE176KZNxYqgk80VhwpGJ0PR71GeKEsPHlmCimL0VkSFWmBibUcGG4C2+vEyaZxXvvFK9q5ZqV1kceTiCYyiDBxdQgxuoQwMICHiGV3hzlPPivDsf89ack80cwh84nz/v6o/b</latexit>

ZN (⌧)

(1, 0)(1, 0)(�1, 0)(�1, 0)

(0,�1)(0,�1)

(0, 1)(0, 1)



| {z }
'g(⌧)

<latexit sha1_base64="0njRnHYLrWMJdL3gR2QMMNFi0K8=">AAACF3icbVDLSsNAFJ3UV62vqks3g0Wom5JIQd0V3bisYB/QhDCZ3LZDJ5MwMymUUL/Cjb/ixoUibnXn3zh9LGzrgQuHc+7l3nuChDOlbfvHyq2tb2xu5bcLO7t7+wfFw6OmilNJoUFjHst2QBRwJqChmebQTiSQKODQCga3E781BKlYLB70KAEvIj3BuowSbSS/WHFTEYIMJKGQ4ccFjP3MHRKZ9JnfK7uapOdjv1iyK/YUeJU4c1JCc9T94rcbxjSNQGjKiVIdx060lxGpGeUwLripgoTQAelBx1BBIlBeNv1rjM+MEuJuLE0Jjafq34mMREqNosB0RkT31bI3Ef/zOqnuXnkZE0mqQdDZom7KsY7xJCQcMglU85EhhEpmbsW0T0xG2kRZMCE4yy+vkuZFxalWru+rpdrNPI48OkGnqIwcdIlq6A7VUQNR9IRe0Bt6t56tV+vD+py15qz5zDFagPX1C2PcofA=</latexit>

It turns out that, as in the figure eight knot, there is another 
formal power series involved in the resurgent structure

'c(⌧) = 'g(�⌧)

<latexit sha1_base64="G23s4n3jnBRwABU5DOS563gcpOo=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR6sKSSEFdCEU3LivYCzQhTKaTduhkEmYmhRK6duOruHGhiFufwJ1v4zSNoK0/DPx85xzOnN+PGZXKsr6MwtLyyupacb20sbm1vWPu7rVklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Q9vpvX2iAhJI36vxjFxQ9TnNKAYKY0889AZIREPqIcrjkLJyRX8Af3KaUY8s2xVrUxw0di5KYNcDc/8dHoRTkLCFWZIyq5txcpNkVAUMzIpOYkkMcJD1CddbTkKiXTT7JQJPNakB4NI6McVzOjviRSFUo5DX3eGSA3kfG0K/6t1ExVcuCnlcaIIx7NFQcKgiuA0F9ijgmDFxtogLKj+K8QDJBBWOr2SDsGeP3nRtM6qdq16eVcr16/zOIrgAByBCrDBOaiDW9AATYDBA3gCL+DVeDSejTfjfdZaMPKZffBHxsc39AmZzQ==</latexit>

<latexit sha1_base64="pVE+fCbg1gKvEeTS75+8QunpnjE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUS9C0IsniWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo5up33xCpXkkH804Rj+kA8n7nFFjpYe7K69bLLlldwayTLyMlCBDrVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3VCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9FMu48SgZPNF/UQQE5Hp36THFTIjxpZQpri9lbAhVZQZm07BhuAtvrxMGpWyd16u3J+VqtdZHHk4gmM4BQ8uoAq3UIM6MBjAM7zCmyOcF+fd+Zi35pxs5hD+wPn8AZpFjVs=</latexit>

N = 1

<latexit sha1_base64="N8dceSJ36xaaohKYvXldKRpiIwU="></latexit>

Z1(⌧) ⇠ exp

✓
2C

⇡⌧

◆⇣
1 +

⇡⌧

24
+ · · ·

⌘



'g(⌧)

<latexit sha1_base64="kg2ROuP0Mru8sNnNSwRMCuXO66E=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCbicAl48RjALZIahp9NJmvQs9BKIQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqhSlnUjnOt1XY2Nza3inulvb2Dw7L9tFxWyZaENoiCU9EN8SSchbTlmKK024qKI5CTjvh+G7udyZUSJbEj2qaUj/Cw5gNGMHKSIFd9iZYpCMWDKuewvoisCtOzVkArRM3JxXI0QzsL6+fEB3RWBGOpey5Tqr8DAvFCKezkqclTTEZ4yHtGRrjiEo/Wxw+Q+dG6aNBIkzFCi3U3xMZjqScRqHpjLAayVVvLv7n9bQaXPsZi1OtaEyWiwaaI5WgeQqozwQlik8NwUQwcysiIywwUSarkgnBXX15nbQva269dvNQrzRu8ziKcApnUAUXrqAB99CEFhDQ8Ayv8GY9WS/Wu/WxbC1Y+cwJ/IH1+QNj+5Lo</latexit>

In this case, the additional towers of additional singularities 
are spaced by ⇡ni

<latexit sha1_base64="tEDHn7mAloMgfT3vwV/qEegSHXk=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnorevFYwX5AdynZNNuGJtltki2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho/u5355QpVksn8w0oYHAA8kiRrCxUuAnDEmU+UogNuuVK27VXQCtEy8nFcjR6JW//H5MUkGlIRxr3fXcxAQZVoYRTmclP9U0wWSEB7RrqcSC6iBbHD1DF1bpoyhWtqRBC/X3RIaF1lMR2k6BzVCvenPxP6+bmugmyJhMUkMlWS6KUo5MjOYJoD5TlBg+tQQTxeytiAyxwsTYnEo2BG/15XXSuqp6tertY61Sv8vjKMIZnMMleHANdXiABjSBwBie4RXenInz4rw7H8vWgpPPnMIfOJ8/DACRpw==</latexit>

6

<latexit sha1_base64="PYA1EKTw6NLGSB8ovtEdWZpbUKQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HUKePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9cteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhtT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5XyTb1Sqt5mceThBE7hHDy4gircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB4OpjL4=</latexit>

6

<latexit sha1_base64="PYA1EKTw6NLGSB8ovtEdWZpbUKQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HUKePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9cteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhtT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5XyTb1Sqt5mceThBE7hHDy4gircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB4OpjL4=</latexit>

3

<latexit sha1_base64="BQTldH/B0HZ8Vir8NlQFEXUrSNA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqwMcp4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKN/VKqXqbxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH38djLs=</latexit>

17

<latexit sha1_base64="Y6KNswCFhy3NY57PrLdSBjesTuA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHoqePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBq/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeui6l1Wr+8vK/WbPI4inMApnIMHNajDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD0hoz6</latexit>

The precise meaning of these integers (for which we have 
explicit conjectures) is still not known, but it is natural to 

suspect that they are related to the counting of the BPS states in 
the CY.

<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4

<latexit sha1_base64="DodqbGG+5cYgzeqpCzGkveMaHog=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArQXMMevEYxTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh4tqr1hyy+4cZJV4GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mlU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5OasOpPuExSg5ItFoWpICYms7dJnytkRowtoUxxeythQ6ooMzacgg3BW355lTQvy95VuXJfKdVusjjycAKncA4eXEMN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wfxbIz8</latexit>�8

<latexit sha1_base64="XjOgWrERKNBdtwAoc2Vir5BfKR8=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaVoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1Fjp4bLaK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpoXZa9artxXSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH3go0A</latexit>

36

<latexit sha1_base64="GGMPKpO4uaiEbZE7BOQgqzuonuM=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgxbAbgo9b0IvHCOYByRJmJ7PJkJnZZWZWCEt+wYsHRbz6Q978G2eTPWhiQUNR1U13VxBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxlfueJKs0i+WimMfUFHkkWMoJNJl14N7VBueJW3TnQKvFyUoEczUH5qz+MSCKoNIRjrXueGxs/xcowwums1E80jTGZ4BHtWSqxoNpP57fO0JlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhNe+ymTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadkQ/CWX14l7VrVu6zWH+qVxm0eRxFO4BTOwYMraMA9NKEFBMbwDK/w5gjnxXl3PhatBSefOYY/cD5/ANPOjXQ=</latexit>�192

<latexit sha1_base64="AxAY0+p3M1HppEYuRJvSHBwVLmQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpf5vSeqNIvko5nH1Bd4IlnICDaZ5LmN5qhac+tuDrROvILUoEB7VP0ajiOSCCoN4VjrgefGxk+xMoxwuqgME01jTGZ4QgeWSiyo9tP81gW6sMoYhZGyJQ3K1d8TKRZaz0VgOwU2U73qZeJ/3iAxYdNPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOule1b3reuOhUWvdFnGU4QzO4RI8uIEW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wfZ4414</latexit>
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Let us recall that the power series appearing in complex 
Chern-Simons theory have an uplifting to a non-perturbative 

object: the state-integral invariant.

Tr⇤N (L2(R))⇢
⌦N
X ⇠ ZN (⌧)

<latexit sha1_base64="0j3Dx0gGEL0KbVP+K31ARAVnl0w="></latexit>

In the case of            , there is also a conjectural non-
perturbative uplifting: according to the TS/ST correspondence 

of [Grassi-Hatsuda-M.M.], they are asymptotic expansions of 
spectral traces of quantum mechanical operators. 

These operators are obtained by Weyl quantization of the 
mirror curve to X

⇢�1
F0

= ex + e�x + ey + e�y

<latexit sha1_base64="3lKMQrsaXuVJkge2Ct93zYkJQJc="></latexit>

[x, y] = i~

<latexit sha1_base64="uFFa68hyZKGNohz6SkkHAxsUL6w=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARupCSSEFdCEU3LivYCyShTKaTduhkEmYmYgl5BTe+ihsXirh15863cZpG0NYfBj7+cw5zzu/HjEplWV9GaWl5ZXWtvF7Z2Nza3jF39zoySgQmbRyxSPR8JAmjnLQVVYz0YkFQ6DPS9cdX03r3jghJI36rJjHxQjTkNKAYKW31zZrjhkiNZJDeZ8fwhyeZdwFh6ooQ0gy6Ix+Jvlm16lYuuAh2AVVQqNU3P91BhJOQcIUZktKxrVh5KRKKYkayiptIEiM8RkPiaOQoJNJL84syeKSdAQwioR9XMHd/T6QolHIS+rozX3m+NjX/qzmJCs68lPI4UYTj2UdBwqCK4DQeOKCCYMUmGhAWVO8K8QgJhJUOsaJDsOdPXoTOSd1u1M9vGtXmZRFHGRyAQ1ADNjgFTXANWqANMHgAT+AFvBqPxrPxZrzPWktGMbMP/sj4+AYrzp08</latexit>

⌧ = �1

~

<latexit sha1_base64="4QU0Knu87htXS60CVVUBdTDyGnQ=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN5ZECupCKLpxWcE+oAllMp20QyeTMDMRaij+ihsXirj1P9z5N07bLLT1wMDhnHO5d06QcKa043xbhaXlldW14nppY3Nre8fe3WuqOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxjeTPzWA5WKxeJejxLqR7gvWMgI1kbq2geexunVaeZ6sYkhbxBgOe7aZafiTIEWiZuTMuSod+0vrxeTNKJCE46V6rhOov0MS80Ip+OSlyqaYDLEfdoxVOCIKj+bXj9Gx0bpoTCW5gmNpurviQxHSo2iwCQjrAdq3puI/3mdVIcXfsZEkmoqyGxRmHKkYzSpAvWYpETzkSGYSGZuRWSAJSbaFFYyJbjzX14kzbOKW61c3lXLteu8jiIcwhGcgAvnUINbqEMDCDzCM7zCm/VkvVjv1scsWrDymX34A+vzB+zSlOk=</latexit>

local  :F0

<latexit sha1_base64="5L1x7cWOmZaRgLo/wYI0lkjWDTk=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0VBXFZwT6gM5QkzbShmcyQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05JBFcG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUUdamsYhVj2DNBJesbbgRrJcohiMiWJdMbnO/+8SU5rF8NNOEBREeSR5yio2VfD/CZkxIdjcbuINqza27c6BV4hWkBgVag+qXP4xpGjFpqMBa9z03MUGGleFUsFnFTzVLMJ3gEetbKnHEdJDNM8/QmVWGKIyVfdKgufp7I8OR1tOI2Mk8o172cvE/r5+a8CrIuExSwyRdHApTgUyM8gLQkCtGjZhagqniNiuiY6wwNbamii3BW/7yKulc1L1G/fqhUWveFHWU4QRO4Rw8uIQm3EML2kAhgWd4hTcndV6cd+djMVpyip1j+APn8wfaK5GV</latexit>

<latexit sha1_base64="S0vQ2OvzY5A22MVaiDANtK36o/E=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKtgPbZeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6nfuuJKs0ieW/GMfUFHkgWMoKNlR4ee7flrsHJaa9YcivuDGiZeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aezgyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE176KZNxYqgk80VhwpGJ0PR71GeKEsPHlmCimL0VkSFWmBibUcGG4C2+vEyaZxXvvFK9q5ZqV1kceTiCYyiDBxdQgxuoQwMICHiGV3hzlPPivDsf89ack80cwh84nz/v6o/b</latexit>

ZN (⌧)



Many open questions: 

Can we reformulate the state-integral invariants/spectral 
traces in terms of a Riemann-Hilbert problem?

Can we prove our conjectures or justify them physically 
[G. Moore and collaborators, work in progress]?

Can we develop a theory of parametric resurgence for 
topological strings, including the full dependence on the 

moduli [Couso-M.M.-Schiappa, Alim et al.]?

Can we develop a similar theory for topological strings on 
compact CYs?


